Занятие 1 – 2.

Основные тригонометрические функции, их свойства и графики.
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OcHoBHO# ocobenHocmbio u mpyoHOCcmbl0 mpuecoHoMempuy SABIAETCS
3HayumenvHoe yucao gpopmyn. Hepenku ciaydau, pH KOTOPbIX MPHUMEHE-
HHMe MpaBHIbHBIX GOPMYJ He MPUBOAUT K pe3yibTary. [loatomy Hedoc-
mamoyHO Npocmo 3Hamv GOopMyabl, HEOOXOAUMO HAaYYUTHCS UX Yeneco-
obpasHo u payuonaibHo ucnonvzosams. B cBA3u ¢ 3TUM OynaeM moBTo-
PATb OCHOBHble (POPMYabl TPUTOHOMETPHUH, 2pynnupys ux. basoevie ¢op-
Myabl (KOTOpbie Hallo TIOMHUTB) OyneM wHymeposams, ocTaibHble popMy-
nbl 6e3 Tpyna BHIBOASATCS.

@OYHKUHH OHOIO yrja
N3 onpeneneHuss TpUroHoMeTpuueckux (QYHKLMI cpasy CIeAyroT oc-
HOBHblE MPUSOHOMempUYecKue moicoecmsa.

sin‘t+cos’t=1; )]

tgt=Sl—nt (t¢£+nk, rnekeZ); (2)
cost 2

ctgt =ﬂ (t 2 nk,rne ke 2), 3)
sint

tgr-ctgt =1 (t:tgk, riue keZ);

tg’t+1=—s

(t ¢£+Ttk, rae k eZ);
cos“t 2

ctg’t+1=

—— (t# nk, rne k € Z).
sin“t
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OcHoBHO# ocobenHocmbio u mpyoHOCcmbl0 mpuecoHoMempuy SABIAETCS
3HayumenvHoe yucao gpopmyn. Hepenku ciaydau, pH KOTOPbIX MPHUMEHE-
HHMe MpaBHIbHBIX GOPMYJ He MPUBOAUT K pe3yibTary. [loatomy Hedoc-
mamoyHO Npocmo 3Hamv GOopMyabl, HEOOXOAUMO HAaYYUTHCS UX Yeneco-
obpasHo u payuonaibHo ucnonvzosams. B cBA3u ¢ 3TUM OynaeM moBTo-
PATb OCHOBHble (POPMYabl TPUTOHOMETPHUH, 2pynnupys ux. basoevie ¢op-
Myabl (KOTOpbie Hallo TIOMHUTB) OyneM wHymeposams, ocTaibHble popMy-
nbl 6e3 Tpyna BHIBOASATCS.
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N3 onpeneneHuss TpUroHoMeTpuueckux (QYHKLMI cpasy CIeAyroT oc-
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[image: image4.png]W3 paHee H3yueHHOro HaM M3BECTHBI MHOTHE CBOMCTBA IBYX OCHOBHbIX
TPHTOHOMETPHYECKHX QYHKIHIA — CHHYCa W KocHHYca. PaccMoTtpum rpa-
bHKH 3THX QYHKLHI 1 HA HX OCHOBE ACTATM3UPYEM TaKHE CBONCTBA.

1. ®ynkums y = sinx, ee cBoiicrsa u rpapuk

O6Gcynum mnocTpoeHHe cpagukos Gynkyuii cuHyca u Kocunyca.
CHavana nocrpoum epagpux ¢ynkyuu cunyca ua orpeske [0; 2x].
OtMeTuM Ha ocu opauHat ToukH (0; —1) u (0; 1), Ha ocu aGcuuce —
To4Ky (2m; 0). Pazaenum orpesok [0; 27] U eAHHHYHYIO OKPYKHOCTD
Ha 8 paBHBIX yacTeil (yuTuTe, yTOo JMMHA oTpe3ka [0; 27] paBHa 27t =

T
6,28). Kaxxnas takas 4acTh paBHa 7 Jas noctpoeHHUs TOYKH rpa-

duka c abcuuccoi ¢ ucrnonbsyem omnpeaeieHue cHHyca. OTMETHM
TOYKY P, Ha €eAMHHYHOH OKPY)XXHOCTH M NMpoBeAeM uepe3 P, npsamyio,
napauieabHyro ocu abcuucc. Touka mepecedyeHHs 3TOM MpAMOi H
NpsIMOM X = f HCKOMasi, TaK KaK ee OpAWHATa COBMANAET C OPAUHATOMH
TOYKH P, ¥ 110 oMnpelie/IEHHIO Sin ¢ paBeH OpAHHATE TOYKH P,.

[N ]

Ha pucyHke nmpuBeneHo mocTpoeHHe BOCbMH Touek rpaduka. Co-
€IMHss MX IUIaBHOM KPHUBOH, Mony4yaeM 3CKHU3 rpaduka CMHyca Ha oT-
peske [0; 2x]. JIns nmocTpoeHus rpaduka GpyHKUMH BHE 3TOTO OTpe3Ka
yuTe€M hnepuoOuyHocmev QyHKyuu cuHyca, T. €. sin(x+27mn) =sinx
(rne n — npousBosbHOe uenoe uyuciao). IloaToMy BO BCcex Toukax
x,+2nn (rae 0 < xo < 2m) 3HaYeHUs cHHyca coBrnajgaioT. CienoBsa-

TENbHO, rpadUMK CHHYCA Ha BCell NMpsMOH MoJy4yaeTcss U3 NOCTPOEHHO-
ro rpaduka C NMOMOUIbI NapajUIeNdbHBIX NEPEHOCOB €ro BAOIb OCH
abcuucc (BnpaBo H BIEBO) Ha 27, 41, 67 M T. A. I pagpux gpyHxyuu cu-
Hyca Ha3biBaeTcsi cuHycouoou. Otpe3ok [—1; 1] ocu opauHar, ¢ no-




[image: image5.png]MOIIBI0 KOTOPOr0 HaXOAWJIH 3HAYCHHUS CHHYCa, HHOIJA Ha3bIBAIOT Ju-
Hueu CUHyCO8.
y=sinx
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HUcrions3yss TOCTPOEHHBIN TIpadMK, TPHUBENEM OCHOBHbIE CE0UCMEA
(GYHKIMH y = sin X:

1. O6aacme onpedenenus D(y) = (—o0; +00).

2. OyHkuus Hevemnaa (T. e. Y(—x) = —y(x)), 1 ee rpagHK CHMMETPHUYEH
OTHOCHTENILHO Hayajla KOOpAUHAT.

3. OyHKUMA 603pacmaem Ha OTpe3Kax BHAA [—5+21tk +2nk]

3n

yOBbIBaeT Ha OTpe3Kax BUAA [2 +2nk; —+ 21tk], rae ke’

4. OyHKUUA opaHuyena, 1. €. —1 < y(x) <L
5. Haumenviuee 3Ha4eHue QYHKIUH Vyauy = —1 (IOCTHraeTcs B TOUKAX

T
BHIA x=——2-+21tk) ¥ HauOoJjbliee 3HAYEHHE Va6 = | (BOCTHrAETCs B

T
TOYKaX BUJA X = > +2nk ).

6. ®yHKUHA HenpepbigHa.

7. Obnacmpw 3uavenuu E(y) = [-1; 1].

8. OyHKUHA nepuoduyeckas ¢ HAUMEHBIIUM TIOJIOXKUTENBHBIM IIEpHO-
aoM T=2m, 1. e. y(x+2nk) = y(x).




[image: image6.png]2. @yHKums y = ¢€0S X, ee CBoicTBa M rpadpuk
s noctpoenus rpaduka GyHKIMH KocuHyca ydyTeM GopMyny MpHBe-

. . '
JE€HHA COS X =SIn [-2- + x) = sm(x +E) H03TOMy 3Ha4YCHUE KOCHHYCA B

o T
M1000# TOUKE X paBHO 3HAYEHHUIO CHHYCA B TOUYKE X, +E. Torna rpadux
KOCHHYCa Nojy4aercss U3 rpaduka cMHyca C MOMOILUbIO MapaIEIbHOrO
T
nepeHoca Ha ) e[MHHUL BleBO BAodb ocH abcuucc. IToatoMy rpaduk

GYHKLHH y = COS X TaKXKE ABIAETCSH CHHYCOUIOM.

y=cosx

A S I N

IepeuncnuM ocrHoguble ceoticmea PyHKLHH y = COS X:

1. Obnacme onpedenenus D(y) = (—o0; +00).

2. OyHkuua vemnaa (T. €. y(—x) = y(x)), u ee rpadpuKk CHMMETPHYEH OT-
HOCHTEJIBHO OCH OPJIMHAT.

3. dyHKUMS 603pacmaem Ha oTpe3Kax BuIa [—m+2nk; 2nk] u ybwisa-

em Ha OTpe3Kax BUna[2nk; n+2nk], rae ke Z.
4. dyHkuus ozpanuvena, 1. €. —1 < p(x) < 1.




[image: image7.png]5. Hauvenvuee 3HaueHne GYHKUHH Vyauw = —1 (IOCTHraeTCst B TOUKAX
BHJA x =T+ 2mk ) u HaubombIliee 3HAYEHHE Vyays = | (IOCTHraeTCH B TOU-
Kax BUaa x =2mk ).

6. OyHKUUS HenpepbleHAs.

7. Obnacme 3navenun E(y) = [-1; 1].

8. DyHKUHUA nepuoduyeckas C HAUMEHBIIUM IOJIOXXHTENBHBIM TIEPHO-
aoM T'=2m,T.e. y(x+2nk)= y(x).




[image: image8.png]3. IlepnoanyHocTh PyHKuMIi y = sin x, y = cos x

IlepeitneM k caenyrwouieMy ceoticmgy (GYHKUHH — nepuoouuHocmu.
MHorHe peanbHble SBIEHUA W MpPOLECChI UMEIOT nosmopsaowuica (ne-
puoduueckuii) xapakmep. Hanipumep, MUHYTHasl CTpeJIKa 3aHHMaeT OJH-
HAKOBOE MOJ0XEHHE Ha uubepbnate yacoB yepe3 KaxAbld yac. Takoro
THIIA npoyeccyl HA3bIBAIOT NEPUOOUYEeCKUMU, KAK U X @yHKyuuU.

dynkuus f{x) HasbiBaeTcs nepuoduyeckoi ¢ nepuonom T (T — HekoTO-
poe IEHCTBHUTENBHOE YUCTIO, OTJIMYHOE OT HYJIA), €CIIH!

1) mna mroboro x U3 obnactu onpenesneHUs (GyHKUHH 3HAaYECHHE apry-
MeHTa x + T TaxKe MpHHaAJIEXHUT 006/1aCTH onpeaeneHus QyHKIMH;

2) BeinoaHsercs paBeHcTBO f(x+T)= f(x)= f(x—T). OObuHO MoK

nepHoaoM GyHKIHM NMOHHMAIOT HAHUMEHBIIHH M3 BCEX MONOXKHTENbHBIX
NepHOI0B (OCHOBHOIf epHoa HYHKLHH).

)

Hcxons u3 onpepeneHuss TPUrOHOMETPUYECKHX (YHKUHMI, HETPYIHO
YCTaHOBHTb, UTO nepuod yHkyuy sin x U COS X COCTaBAAET 27, MEPHO.
byHkuHit tg x u ctg x — w. leiicTBUTeNbHO, PYHKIIMK CHHYCA M KOCHHYCa




[image: image9.png]ompejeNeHbl Ha BCed 4YHCIOBOW OCH, Sin(x+2m)=sinx H

cos(x+2m)=cosx maA mo0oro x. AHaAIOTHYHO 00JacTH onpeeeHUs
GyHKUHMH TaHTeHCa W KOTAHFeHCa BKJIIOYAKOT KaK TOYKY X, TaK M TOY-
ki x = 7. [lpy 3TOM BBINOJHAOTCA paBeHCTBA (g(x+m)=tgx H
ctg(x +m) =ctg x.




[image: image10.png]PaccMOTpHM 11B€ OCTaBINHECS TPHUIOHOMETPHUUYECKHE (PYHKLMM — TaH-
r€HC Y KOTAHI€HC.




[image: image11.png]1. Dynkuua y = tg x
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OctaHoBuUMCS Ha gpaghuxax PyHkuuit mauezenca u xomanzenca. CHa-
yaja o6CyauM MocTpoeHMe rpapuka GyHKUHH y = tg x HA MPOMEXYTKE

T T
(—E; E) Takoe nmocTpoeHye aHaJIOrH4HO NOCTPOEHUIO Irpaduka PyHk-

LMH y = sin x, omMcaHHOMY pasee. [lpu 3ToM 3HaueHne PyHKLHHU TaHT€H-
Ca B TOYKE HAXOJHTCS C MOMOLIbIO TMHUH TAHTE€HCOB (CM. PHCYHOK).

Y]





[image: image12.png]YuutbiBas NepHOAWYHOCTb QYHKUMM TaHreHca, MojiyyaeM ee rpaduk
Ha Bcel 00facTH ompeneneHus napajie/ibHbIMU MIEPEHOCAMU BIOJb OCH
abcuucc (BMPaBoO M BJIEBO) YK€ NOCTpOeHHOro rpaduka Ha m, 2T M T. 4.
I'paduk GhyHKIMYK TaHrEeHCa Ha3bIBAIOT TAHTEHCOUAOH.

IlpuBeneM ocroshbie ceoticmea GYHKUHH y = tg X:

1. Obnracme onpedenerus — MHOXECTBO BCEX NEHCTBMTEJIbHBIX YHCEI,

T
3a UCKJIIOUYEHHEM YHCEN BHIA X = E+ Tk, ke Z.

2. dyukuus Hevemnas (1. €. y(—x) = —)(x)), ¥ ee rpaduK CHMMETpHUEH
OTHOCHTEIbHO Havyajla KOOpAMHaAT.

n T
3. dyHKUMA 603pacmaem Ha NMPOMEXYTKaX BHAA (—E+Ttk; 5+ nk),

rne ke Z.

4. Oyukuus He ozpanuyeHa.

5. OyHKUHS He uMeem HauMEHbIIEr0 U HAauOOJIbILEro 3HAYEHHH.

6. OYHKLUMS HenpepblgHas.

7. Obaacmb 3nauenun E(y) = (—o0; +o0).

8. DdyHKUHA nepuolduueckass ¢ HAMMEHBLIMM MOJIOKHUTENBHBIM MEPHO-
aoMm T'=m, 1. e. y(x+mk)= y(x).

T
9. I'paduk QyHKINM HMEET 6epmuKanvHble acuMnmomsi X = > + nk.




[image: image13.png]2. DyHKuMA y = ctg x
AHajniorn4yHo rpadmKy QyHKIUMH y = tg X WIH C NOMOILBI0 GOopMyIIsI

T T
NpUBEAEHHS CtgXx = tg(; - x) = —tg(x _5) cTpouTcs rpaduk GpyHKUHH

y=ctgx.
A y=ctgx

'

-z T X

Ilepeuncnum ocroenvie ceoticmsea byHkuuM y = ctg x:
1. Obnracme onpedenenus — MHOXKECTBO BCEX NEHCTBUTEIBHBIX YHCEN,
3a UCKJIFOUEHHEM YKcell BUaa x=nk, ke Z.

2. OyHkumsa Heyemnasn (1. e. Y(—x) = —)(x)), U ee rpadUK CHMMETPHYEH
OTHOCHTEJIbHO Hayasia KOOpAHHaAT.
3. dyHkuus ybbi6aem Ha poMexyTkax Buaa (mk; n+nk), k€ Z.

4. OyHKUMS He ozpaHuyena.

5. OyHKIHMS HE uMeem HauMeHbLIEero ¥ HauboJbIIero 3HAYEHHIA.

6. DyHKIMS HenpepvisHaA.

7. Obracme 3nauenuii E(y) = (—oo; +o0).

8. DyHKUMS nepuoduueckas ¢ HAUMEHBIIKUM MOJIOKHUTEILHBIM MEPHO-
aoM T'=mx, T. e. y(x+ k) = y(x).

9. I'padux pyHKUHMH UMeET gepmukanbHble acumnmomsl x = Tk.




